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The variational problem is solvedyof constructing the contour of the supersonic
part of an optimal compound nozzle intended to work in two essentially different
regimes, Thus the complete nozzle works in a regime that is characterized by
large overexpansion of pressure, In a regime with smaller overexpansion the final
section of the nozzle is retracted (or jettisoned), There are given the maximum
permissible length of the full nozzle, the back pressure determining each regime,
and the probabilities of using the full nozzle and the partial one. Optimization
is carried out for the average thrust,

Necessary conditions are obtained that permit constructing an optimal contour,
and a corresponding numerical algorithm is developed based on these conditions,
Examples are given of optimal compound nozzles constructed with the use of this
algorithm, and comparison is made with the optimal continuous nozzles calcul-
ated for the average back pressure, An analysis is made of the evolution of the
shape of the optimum compound nozzle in the whole range of possible values of
the maximum allowable length,

The question of the possibility of applying a compound nozzle was considered
in [1, 2. The profiling of such a nozzle cannot be carried out according to exist-
ing solutions [3—5], and obtaining the necessary extremal conditions requires the
application of the general method of Lagrange multipliers, In the solution of
variational problems in gas dynamics this method was first applied by Guderley
and Armitage [6, 7] and independently, though somewhat later, by Sirazetdinov
(8l

1, We consider a plane (v = (1) or axisymmetric (v = 1) nozzle (Fig, 1), of which
the final section db can be separated from the initial section a«. We will call such a
nozzle compound, Let the gas flow from left to right,
and the axes of a rectangular coordinate system ry,
which in the axisymmetric case lies in the meridional
flow plane, be placed so that the initial point @ of the
nozzle contour to be found lies on the ¥ -axis, The
contour to the left of @ is regarded as given, where in
the general case point a is a corner (the direction of
the contour sought to the right of a does not neces-
sarily agree with the direction of the contour given to
the left of @). We restrict ourselves to the case when
shock waves are absent from the part of the region of
influence of the desired contour lying to the left of the
characteristic i,
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570 A, N, Kraiko and N, 1, Tilliaeva

We assume that the gas is inviscid and non-heat-conducting, and its entropy and
stagnation enthalpy at £ = 0 are given and constant across the section, Under these
assumptions these quantities rTemain constant everywhere to the left of Ab, Therefore the
pressure p, density p, speed of sound ¢ and other thermodynamic variables are functions
of the speed w,and to determine the flow variables it suffices to use the equations of
irrotationality and continuity

—0u s — 0y'pu oy'pv

where 1 and v are the projections of the velocity vector onto the - and y-axes,

If the magnitude of the corner angle at poiﬁt a exceeds a certain value, which is
determined by the shape of the contour for z < (), the flow in the transonic region does
not depend on the shape of the contour for z 2> 0 nor, in particular, on the angle 3, of
inclination of the contour of the wall to the z-axis to the right of g. In this case the
magnitude of U, affects only the extent of the expansion fan springing from a, that is,
the location of the characteristic alt of the second family, which bounds this fan on the
right, Therefore the variables on some "inner" characteristic of the fan, for example on
ac, can be regarded as given, In this connection the flow in region G, bounded by the
characteristics ac and ¢b and the contour adb, is determined (for a given characteristic
ac and flow variables on it) by equations (1, 1) and the condition of no flow

L=t —u/v=0 (1.2)

through the wall of the nozzle, In (1.2) and henceforth a prime indicates the total deri-
vative with respect to ¥ along the contour adb, and z = § (y) is the equation of this
contour,

Together with the sections ad and db, the nozzle has the afterbody portions, whose
contours bkf and dsf are not exposed to the gas flow and are shown by dashed lines
in Fig,1. The pressures p* and p*° that acton bkf and dsf ,respectively, are given
constants, characterizing the working regime of the full nozzle and the partial one, In
the general case point d, like point g, can be a corner point, Such a situation is shown
in Fig, 1, where de and dg are characteristics of the second family bounding the corre-
sponding expansion fan,

By virtue of the assumptions made, the thrusts % and %° of the complete and he truncated
nozzles are, to within an additional positive factor that is not essential for what follows,

equal to b Pt d +o
%= Spy'dy - Ty X = S pydy —yi” £ (1.3)

a
Here and subsequently the subscripts b, d,... indicate variables at the corresponding
points,

Wwe formulate the variational problem, Let there be given the maximum allowable
length X of the complete nozzle, the pressures p* and p*°, the positive numbers n and
n°, the enthalpy and entropy of the gas at entry into the nozzle, and the shape of its
subsonic part (as mentioned above, in this case the flow can be regarded as given to the
left of the characteristic ac). It is required to construct a contour adb,. that is, to find
the relationship z = § (y),where 0 << & (y) << X, and the coordinates of points’ d
and b, such that the compound nozzle realizes the maximum "average" thrust

¥g = ny + n°° (1.4)
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The coefficients n and n° in (1, 4), which are determined by the purposes of the nozzle,
are the probabilities of using the complete nozzle and the partial one; and it is conve-
nient to normalize so that 7 + n®> = {, Then (1, 4) together with (1, 3) gives

a 4 . ‘e
Xg = !\py“dy + nSpy"dy —npt" 1 ,-;-v — (1 —n)y"” 1”? (1.5)
a d

For n = 1 we have n° = 0, and thus only the complete nozzle is used (xy = ). For
n < 1 the contributions of the initial and final portions of the contour to the functional
(1. 5) are different, This also serves to explain why in the general case the optimal con-
tour has a corner at point d, As one more condition on the problem we may require that
the length of the truncated nozzle be determined by the abscissa of point d, that is, that
the condition z < z4 be satisfied on fd .

It is convenient to regard the variables in (1,1)—(1,5) as dimensionless, In reducing
to dimensionless form it is convenient to take as the characteristic length, speed, and
density (l,, we, pe) the ordinate of point'a and the critical speed and density of the
flow, Nondimensionalization is achieved by referring quantities of dimension length 1o
l,, speed to Wy density p,, pressure pyw,® and thrust to pew,?l}™. In the plane case
% X°,and Xz in (1, 3)—(1.5) are quantities per unit width of the nozzle (in the direction
perpendicular to the zy -plane),

2, To solve the formulated variational problem, we construct the auxiliary functional

b
J =%y + [aLdy + (YL, + poLy) dzdy (2.9)
e G

where o = @ (y)and p; = p; (z, y) are variable Lagrange multipliers, By virtue of
Egs, (1,1) and (1,2), for an admissible variation, when the velocity components u and v
and also the density and pressure, being known functions of u and v, satisfy the equations
and boundary conditions of the problem, the first variation 8J coincides with the first
variation Oy of the initial functional,

In finding’ 8J it must be kept in mind that for small variations of the contowr adb
the gas variables change only in the subregion G° of the region G that lies to the right
of ah,and also a displacement of this characteristic occurs, The variations of variables
to the left of @k are equal to zero. Considering this, and using the equations of motion
(1.1), it is possible to show that although the variations 6u and dv are different from
zero on ah (by virtue of the displacement of ah due to change in the angle of discon-
tinuity at point a), their combinations appearing in 8/ for the variation of the integral
over G vanish on ak ., The calculation of the contribution to §J associated with varia-
tion of the coordinates of point d is carried out just as in [9), Also, discontinuities in
the factors p, and p, are admitted, which can occur only on characteristics [9, 107,

After the calculation of §J the coefficients in front of all the variations, which are
different from the variations of the coordinates of the contour adb, can be set equal
to zero by choice of the Lagrange multipliers a, py and [y, As a result is obtained
the "associated" problem for the determination of @ on adb and the multipliers i, and
Jta in region G°, Thus in the subregion of their continuity, {t; and p, must satisfy the
following system of partfal differential equations
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‘3]}1

+ y‘(pu)u—- + ¥'pu a”’ =0 (2.2)

au o,

S UM = Y (pv)u—g—y’— =0

This system has for w ~> ¢ two families of real characteristics, which coincide with
the characteristics of the eéquations of motion (1,1) and on which

di, Fy'eBdp, =0  (B=V M —1) (2.3)

Here and subsequently the upper (lower) sign corresponds to characteristics of the first
(second) family,and M = w /¢ is the Mach number, The differentials dy, and dy,
in (2, 3) are taken along the characteristics,
On characteristics that lie in.G° and are lines of discontinuity of the Lagrange multi-
pliers, the jumps in p; and P, satisfy the relation
(p] - y°pBlpa] =0 (2.4)

where [p;] is the difference in the values of p;to the right and the left of the discon-
tinuity,

The boundary conditions associated with the problem for ji; are formulated on the
nozzle wall and on the final characteristic 4} , and have the form

M=ypv on ad, W =y'pon on db, Py +y'pBu, =0 on kb (2.5)
Finally, the Lagrange multiplier a.on gd and db is determined so that
a + ypopy =0 (2.6)
Use of the third condition from (2. 5) permits integration of the equation from (2, 3)

corresponding to characteristics of the first family, and thus finding py and ygon £b in
terms of y and the flow parameters, The appropriate equations have the form

= C(y'pB)" M= —C(ypB)™+ on kb (2.7)

Here C is a constant that is determined, for example, by comparing the values of {iy,
obtained from (2, 5) and (2. 7).

For an arbitrary contour adb, for which the flow takes place without formation of a
shock wave inAG°‘, the equations and boundary conditions (2,2)—(2, 7) permit solution
of the associated problem and finding, in particular, the values of the Lagrange multi-
pliers on the contour adb. Here it can be shown that in the case illustrated in Fig,1 the
line of discontinuity of the multipliers Wy and M4 is the characteristic d] of the first
family passing through point d, After the choice of the Lagrange multipliers the expres-
sion for §yy = O8J takes the form

8z = AAya+ BAzy —nyy (p* — p + —g““’)b Ay, +
d

+(J pv? ) Az, +Spvy (Mo —u) 88 dy +
b

+ [ ooy (py — nuyst dy (2.8)
d
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d+
A=yqg(p_—np, —n°p*)a — [lay*puly — S {mdv — poyd (pu)}
d4- -
B = [1y'pvla — § {midue + pay*d (pv))
dee

Here the integrals at point d are taken through the whole fan of the expansion wave ;
the subscripts "minus" ("plus”) are associated with parameters on the wall before (after)
the point of discontinuity ; [¢p] = ¢, — @.; and 8¢ designates the variation of the
abscissa of the wall (for fixed y), and Ax and Ay the increments in the coordinates
of the corresponding point,

If the contour adb is optimal, then for an admissible variation the variation 0%t is
nonpositive, For T4<< z, this, and consideration of limitations on the length of the
complete nozzle, lead to the following conditions for determining the shape of the opti-
mal contour : (py — u) =0 on ad, (g — nu)’ =0 on db

A=0 B=0 at point d 2.9)
(P*—p+purB™)y =0, (ypvinp™),>
Here the third and fourth, and the-fifth and sixth conditions, respectively, determine the
ordinate and abscissa of points d and b, where fulfillment of the inequality in the latter
conditions indicates that the length of the whole nozzle is equal to the maximum per-
missible,

In the specified range of the parameters X, 7, p*, and p*°, in particular if p*° >~ p*
the optimal is not a compound but a simple nozzle when z4 = ;. It can be shown that
in such a case the ordinate of the end point is determined by the next to the last equation
(2.9) with p* replaced by the mean counter-presswe pz” = np* -+ n°p*°. The con-
dition that the maximum Xz be achieved by a continuous nozzle has the form

{(pv*BY). — n (o).}, = 0 (2.10)

In the case when thisinequality is satisfied, introduction of an infinitely small remov-
able end part leads to reduction in the thrust of the nozzle, The slope {, of that end
part, where { = v / u, is chosen optimal, that is, such that the parameters (with sub-
script "plus”) that are obtained on the wall after turning from §{ = {_. = & to
¢ = &, satisfy the next to the last condition (2, 9), Since p* << pg*,then§, > C_.
The "minus" subscript in (2,10) is assigned to parameters on the wall of a continuous
nozzle, The condition (2,10) can be obtained by direct variation of the final element
of the nozzle, as well as from (2, 8). Here it is necessary to consider the connection
between the admissible increases in the coordinates of points b and d for 2y = x, and
the fact that here Axy << 0.

The process of constructing an optimal nozzle can be simplified in the following

way, If the segments ad and db are optimal, then according to (2, 5) and (2, 9) @.11)

Wi =y%0, py=u+C on ad, p =ypvn, py=nu-+C; on db

where C,and (, are constants, Construction of the segments ad and db of the optimal
contour by virtue of the solution of the corresponding Goursat problem is equivalent to
determining the "optimal” characteristics /d and bg. The change to those characteristics
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is realized thanks to the fact, that just as in [11], the first pair of equations (2,11) gives
the solution of the Cauchy problem for the system (2. 2) with initial conditions (2,11)
on ad in the whole triangle adl, In an analogous way the second pair of equations in
(2.11) gives the solution of the corresponding Cauchy problem in dbg. As a result it is
necessary to determine the Lagrange multipliers in the solution of the associated prob-
lem only in the quadrangle Ildgh. Here the boundary conditions for u, and p, are
imposed on dg and gh.

The optimal characteristic Id is determined by the equation

E=pm/pyvop+p—u—vpt—C, =0 onld (2.12)

which replaces the first of the conditions in (2, 9) on ad. The Lagrange multipliers
appearing in (2,12) are taken on the right side of the characteristic ld. In an analog-
ous way the condition determining the optimal characteristic bg has the form

v+PB(u+C)=0 on bg (2.13)

The values of p, and p, on dg,required for solving the associated problem in ldgh

are given by the equations

B = y%ovn, p, =nu -+ C, ondg (2.14)
These equations, when written at point g,together with (2, 7) permit the constants C and
C, to be expressed in terms of n and the flow parameters at that point,

‘We note that condition (2,13) on &g reduces to the known condition of optimality
that is obtained on the closing characteristic in problems of optimization of a continu-
ous nozzle [3, 4]. The given result is natural since the closing section works only in one
regime, and by virtue of the supersonic character of the flow changing its shape does not
affect the initial section ad.

The equations and boundary conditions obtained above form the basis of a numerical
algorithm for constructing the sections ad and db of the optirﬁal nozzle in gas flow and,
in particular, for determining the coordinates of points 4 and d. Here the outline of the
afterbody section is merely required to join the initial point 7 with points b and d , and
the length of the afterbody section must not exceed X for the entire nozzle and z4 for
its section, Therefore, although the shape of the contour of the afterbody sections is
arbitrary in a given case, they may contain butt ends bk and ds, where 2= X and 2 = 24
respectively [12]. The forces acting on the afterbody sections do not depend on their
configuration, Such a statement holds only in the absence of external flow, If in the
regime of operation of the entire nozzle the afterbody section is in a supersonic stream,
then its construction and the determination of the coordinates of point b are carried out
as in [13],

8, In the variational problem under consideration X, 7, p* and p'° are given, The
numerical algorithm for constructing the optimal contour turns out to be more simple
for the "inverse problem", For that, instead of the indicated values, the following ones
are given: the corner angle of the contour at the initial point (consequently the closing
characteristic of the expansion fan springing from point a), the coordinates 2; and
which determine the location of points { and % on the closing characteristic of the first
fan, and the corner angle of the contour at point d. Here, as was mentioned above, con-
struction of the initial section of a compound nozzle is equivalent to the construction
of the optimal characteristic /d, that is the determination on it, for example, of the
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relationship § = § (). The stream function 4 is introduced as usual such that on the
axis P = ( and on the wall p = 1.

The optimal distribution { (p) on ld must satisfy the condition (2,12), in which I
and U, are found from the solution of a Goursat problem in ldgh with boundary conditions
(2.14) on dg-and (2.7) on kg.Satisfying the condition (2.12) at point j provides the choice
of the constant (. A different distribution of { from the optimal means a violation
of condition (2, 12), that is, the equality £ = 0 holds at a point on the characteristic
Id different from /.- This property is used to organize an fteration process for the deter-
mination of the optimal distribution of § on [d. The iteration was carried out accord-
ing to the scheme Q} — Cri‘—l + el E{. (3.1)
which is analogous to the scheme employed in [14, 15], In (3,1) the subscript gives the
number of the point on /d and the superscript the number of iteration, and the g 7 are
constants, where | £,’] << 1. The quantities e,/ in these bounds can dépend on the num-
ber of the point and the number of iteration, Since a given point'{ the value {; is
known, and Y4 = 1, it is convenient to arrange the points on Id so that fixed subscripts
in (3,1) correspond to fixed 1.

In each iteration the relation § () found from (3,1) together with the equations of
the characteristic of the first family completely determines the characteristic [d. Then
frorn the solution of the Goursat problem for the equations of flow in the quadrangle
ldeh with known parameters on [d and lh and the subsequent calculation of the expan-
sion fan edg , the flow is found in the whole quadrangle ldgh. This in its twrn permits
solution of the Goursat problem for {1;and p, and making a new iteration according to
(3.1). When the condition B, = 0 is satisfied with given accuracy at all points of the
characteristic [d, the optimal characteristic bg is constructed, For this, integration of
the equations of the characteristic of the first family is carried out from @) = Y to
P = 1, with Eq, (2.13) taken into account,

In case the optimal turns out to be a nozzle of the kind considered (Fig,1), v, > 0
and in the last condition of (2. 9) the inequality holds, that is X = z,. The pressure p*
characterizing the working regime of the complete nozzle is, in wne given “"inverse”
approach, found (after determination of the parameters at point &) from the next to the
last condition of (2. 9). Finally, 1 and p*° are selected so as td satisfy the third and
fourth conditions of (2, 9), The latter, with regard to the expressions for 4 and B and
the solutions (2, 11), have the form

Ay3" ={p. — np, —r°p™ — (nu, +Cy) (pu), +

d+
+ -+ Co )} — iy do — pad (pu)) = 0
d d—
Bys' = {(n;i: + Ca) (pv), — (u_+ Cy) (pv)_}a —
- S {my~du + ped (pv)} = 0 (3.2)

d—

If the n, p*, p*°, p,- and p,. found as the result of solution of the "inverse"
problem satisfy the inequalities
o<n<t, 0<p'<pp, O<<P < pa-
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then the values obtained for X, n, p" and p*° can be regarded as the data for some
original variational problem, We note that the construction of a continuous optimum
nozzle is also based on the solution of an inverse problem,

In the reasoning given above the fact was ignored that in Egs, (2,14) for p, and p,on
dg there appears n, which is known only after construction of the characteristic /d.
This discrepancy is, for n 2> 0 , eliminated by setting

pe=win, C=C/n, C¥=Cy/n

The equations and boundary conditions for p;° in the quadrangle ldgh are obtained

from (2.2), (2. 3),(2.7) and (2. 14) by replacing p;, C and C,,by p,°, C°and C,°,

and n by unity, At the same time pyand C, in (2,12) and (3, 2) must be replaced by
np;° and nC,°. This permits elimination of n from the equations and boundary conditions
of the associated problem, Here ™ and (), in each iteration are found from the second
equation of (3, 2), which is linear with respect to n and C, , and from the equation

El = 0.

The speed of convergence of the iteration process (3,1) depends on the choice of the
initial distribution of { on [d, For a small final section db it is natural to take the
distribution corresponding to the optimal for the continuous nozzle [3, 4], Then each
new construction of an optimal distribution of { on [d is taken as the initial for con~
structing a nozzle with a longer final section, a larger corner angle in the wall, etc,

The iteration of { on [d is carried out as long as | £, / {,| everywhere on /d becomes
less than some sufficiently small value, Using the expression for X5, we can show that
the error Ay g in the thrust of a nozzle constructed in this way is a quantity of order
Enn;"‘ax, where E max is the maximum disparity on Id,

4, The algorithm given above was applied to the construction of a large number of
optimal contours, Axisymmetric nozzles were considered with a plane transition surface,
departures from which were treated according to [16]. The gas was assumed perfect with
adiabatic exponent x - 1.4. Iterations werecarried out until the condition | £,/¢, | <
< 0.01 was satisfied at every point of lu; in all cases considered, from two to seven
iterations were required,

The pptimal distributions of [ on /4 for some nozzles that are obtained for L, = 0.221,
ALi = L4, — Lax =0.15 and a fixed point 1 are shown in Fig, 2, Curves 1—6 correspond
to nozzles that are optimal for the following values of X, ri, p*t and p*° and have the
geometric properties shown in Table 1

Table 1
1 2 3 4 5 6
X =2.M 3.57 4.3% 5.25 6.29 7.5
n =035 0.37 0.39 0.42 0.45 0.49
ptox102 =0.48 0.67 0.72 0.69 0.59 0.44
p¥® x10 =116 1,10 1.03 0.95 0.8 0.75
Wy =1.62 1.79 41.99 2.20 2.45 2.74
zq =242 2,44 246 2.48 2.51 2.55
Y4 =1.49 4.5 1.52 1.55 1.57 1.6
Cao x10 =1.34 1.41 1.48 1.57 1.67 1.#1
Lpx10 =252 2.24 1.99 1.78 1.62 1.52

The zero Curve in Fig, 2 gives the distribution of { on the closing characteristic of the
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optimal continuous nozzle (X = 2.4) that passes through the same point /; the axis of
t abscissas gives Ay = (Y— ;) / (1 — ).
~~ The difference in the distribution of ¢ on'ig
manifests itself in the shape of the initial section
of the optimal nozzle, In Fig, 3 the distribution
of ¢ on the section ad of the compound nozzle
corresponding to Curve 6 (Fig, 2) is given by the
solid curve, and the distribution of { on the wall
of the optimum continuous nozzle having the
same final point is shown by the dashed curve,
The optimal compound nozzles were com-
pared with continuous nozzles having length X.
and ontimal for the counterpressure p,+ = np” +
-+ n°p*°, We recall that in the class of continuous
4 y' N nozzles such nozzles are optimal also for the prob-
N lem under consideration, Figure 4 shows one of
\\ the optimal compound contours and the contour
\‘ \ of the corresponding continuous nozzle (dashed
\\ | line). It is interesting to note that in all calcu-
\\\
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lated examples the section ad of the compound nozzle turned out (as in the example
of Fig, 4) to be close to the initial section of the continuous nozzle that is optimal for
counterpressure py*.

To estimate the gain that the compound nozzle gives in the case when condition
(2.10) is violated, the relative increase AX/X,,. in the integral of the pressure force was
calculated, Here 0° is the end point of the continuous nozzle; X, is the integral over
the section ,ab® of the contour of the continuous nozzle, analogous to the integrals in
(1.3); and AX is the difference of Xy and the corresponding value for the continuous
nozzle, The values of AX /X0 obtained in a series of examples, together with the para-
meters X, n, p* and p*°,and also some geometric properties are presented in Table I1

X =1.72 3.20 3.26 3.30 4.3 7.54 Table II
n =0.47 0.56 0.53 0.5 0.39 0.40
pt *x 100 =242 0.8% 0.30 0.05 0.72 0.44
pte x 10 =2.66 . 1.76 1.72 1.70 1.03 0.75
Vs =1.45 1.89 4.96 2.00 1.99 2.80
zq =0.58 0.95 0.95 0.95 2.50 2.55
v =1.41 1.22 .22 4.22 1.52 1.6l
5 =1.27 4.55 4.55 4.55 4.69 4.99
Ay /% =0.05 0.07 0.08 0.07 0.03 0.06
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5, The continuous contour, and the configuration shown in Fig,1 and investigated in
the preceding sections, do not exhaust the whole variety of possible shapes for an optimal
compound nozzle, This follows from considerations of continuity and comparison of
Fig.1 with Fig, 5a, in which is shown the optimal configuration in the absence of a lim-
itation on the length of the nozzle, that is, for X = oo. In this case the optimal com-
pound nozzle is a combination of two nozzles, each of which provides a uniform stream
at the exit, Thus the characteristics ld, de and bg are rectilinear, the gas parameters
are constant in the wiangle ]de ,so that { = 0 and p = p™°,and on bg the flow is also
parallel to the z-axis and p == p*.

e .
AY \\\
\\ ‘\\
\ T~
\ ey
% S f
d)
a
i e g X

Fig. 5

we denote by Xy, the minimum value of X for which the optimal configuration
shown in Fig, 52 is possible, This quantity is a function only of p* and p*° and is obtained
if we take as ad and dj the contour of minimal length that ensures the constancy of
the gas parameters on the characteristics ld and bg. The latter, as is shown in Fig, 5a,
have corners at points a and d. We construct the picture of the evolution of the shape
of the optimum compound nozzle for increase of X from zero to X .

We fix the shape of the nozzle to the left of point @ and the values p*, p*° and n.
In accord with the condition (2.10) we may expect that the continuous contour achieves
the maximum Xy for X < X,. Here X, is the limiting value of X for this case, cor-
responding to the equality sign in the condition (2.10), and is a function of p*, p*e
and n. As soon as X becomes greater than X, a final section ‘db appears in the opti-
mal configuration, that is,a compound nozzle is realized of the type already investigated,
It can be shown that if the equality is satisfied in (2.10), this ensures the satisfaction of
the conditions A = U and B = 0 from (2, 9) at 4 = Z;. Consequently, the length
of the final section tends to zero for X — X; + 0 ,although the corner at point d
thereby remains finite, With the growth of X > X, (if p*, p*°and'n are fixed), the
initial as well as the final section grows in length,

The type of compound nozzle shown in Fig,1 achieves the maximum ¥z for
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X; << X < X, where X,is the second limiting value of X which, like X, is a func-
tion of p*, p*°and n. Values X, << X << X, where X, = X, (p*, p*°, n) isa
third limiting value, correspond to the situation in which point ¢ (the point of intersec=-
tion of the closing characteristic b¢ with the axis of symmetry) lies between the last
characteristic of the expansion fan arising from point ¢ and the first characteristic of
the analogous fan formed by flow past point d. This configuration was not considered
above and therefore requires a more detailed analysis,

Since now the boundary of the region of influence includes a segment of the axis of
symmetry, where v = 0, a boundary condition is required also for [;. This condition
is obtained just as the other boundary conditions were for the associated problem, and
has the form p =0 at y=90 (5.1)

Further, just as in [17, 18], it can be shown that the characteristic rc of the second
family that joins point ¢ with point r on the contowr ad, and the characteristic of the
first family passing through r are, just like Id, lines of discontinuity of the Lagrange
multipliers, On each of these discontinuities one of the equalities (2, 4) is satisfied,
where the intensity of the jump in f#; on r¢ is determined by the relation

(] = C(y°pB)"* on rc (5.2)

Here the constant  is the same as in equations (2, 7), and [p,l], just as above, is the
difference in the values of Py to the right and left of re.
1t can be shown that the optimal contour adb in the case under consideration has an
additional corner at point r , with the flow forming an expansion fan, and consequently
the optimal configuration has the form shown in Fig, 5b,
The presence of a corner at point r is proved just as in [17], In an analogous way
are obtained the conditions
r+
ly* (P + popue)]r + S {mdv — payd (pu)} = 0 5.3)
9 .3)
ri
(pay'pvle — | {madu 4 poy'd (pv)} =0
¢
r—
These conditions determine the value of the discontinuity Af, = ({, — ), and the
position of point ¢ on the axis of symmetry within the expansion fan formed by the flow
past point r, In (5, 3) all quantities are found just as in the calculation of A and B in
(2. 8),
The conditions of optimality of the segments ar and rd, which in the present case
replace the corresponding equalities in (2, 11), are written in the form

p,=u+ Cs on ar, peg =u+ Cy onrd (5.4)

where (3 and (', are constants,

The integrals for jt;, analogous to those valid previously in the triangle q/d, now hold
in the triangles ajr and rfd. Here in qJr the first equality from (5.4) is used for the
second integral, and in the triangle r¢{d the second one, The optimal distributions of
§ = L () on the characteristics jr and (d satisfy the equality (2,12) with replace-
ment of the constant C,; by C, ang C, Tespectively,

The necessity of a corner at point 7 can be shown also by using the method that was
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employed previously in [19] in investigating the flow past a body close to a wedge,
Operating in analogous fashion let us assume that the optimal configuration is similar
to that shown in Fig, 5b, but without a corner at point r. We vary this contour, leaving
it unchanged outside the interval (v — Ay) <y <(yr + Ay), where Ay is a small
positive quantity, Inside this interval we replace the original contour (as shown in Fig,
5¢) by two rectilinear segments that intersect the original contour on the boundaries

of the interval, and each other at the point (2, + A{Ay, y,), where Al is a positive
quantity of the same order as Ay. By linearizing the flow equations with respect to the
original (nonuniform) stream, it can be shown that, with an accuracy of higher order than
AfAy, the perturbations in P induced by the variation carried out on the contour vanish
everywhere outside strips of height Ay adjacent to the characteristics r¢ and 4c. In-
creases (decreases) in pressure correspond to "plus” ("minus") signs in Fig, 5c, It can
further be shown that the increment in Xz because of the changes in-p on the altered
section of the contouwr is also a quantity of higher order of smallness than AfAy. Thus,
if &, > 0, which holds in the general case, then there remains only an uncompensated
increment in Xy of order AfAy, which appears at the expense of an increase of p in
the vicinity of point 6. Consequently, in contradiction to the assumption made, the
original smooth contour is nonoptimal,

There is an interesting mechanism of transition from the optimal configuration of
Fig.1 to the optimal configuration of Fig, 5b which, according to what is said above,
takes place at X = X,. In the general case (for {, == 0) this transition is realized
not by means of "slipping down" of point / to the axis of symmetry along the closing
characteristic of the first fan, but as a result of "splitting” of thatfan in two, The instant
of "splitting” is determined by the position of point % onthe closing characteristic of
the first fan such that if we introduce the section ar of zero extent, that is divide the
fan in two, it is possible to obtain the case shown in Fig, 5b and simultaneously satisfy
both conditions (5. 3), The fulfillment of one of these conditions at the instant in ques-
tion takes place at the expense of displacement of point /2 along the closing character-
istic, and the second condition thanks to the choice of the characteristic dividing the
splitting fan, For {, 5= 0 the constant (" in (5,2) is also different from zero, This
together with the relations (2.4) on lines of discontinuityandthe condition for U, from
(2. 5) make impossible the simultaneous satisfaction of the two conditions (5, 3) for any
other kind of transition, We note that the mechanism of “splitting" described above
apparently plays an analogous role in the case of two-phase and nonequilibrium flows,
where the contour of the optimal nozzle may also contain an internal corner point
[17, 20].

Increase of X from X,to X jleads to growth in the lengths of the sections ar and db
and simultaneously to displacement of point r toward point d. For X = X "conflu-
ence" takes place of points 7 and d and of the corresponding fans, In the general case,
for the same reason that "splitting” of the first fan occurs, the corner at point 7 is finite
at the instant of "confluence", and point ¢ lies inside the fan,

For X, < X < X,, the maximum Xy is achieved by the configuration shown in
Fig, 5d, In this case the condition (5.1) is fulfilled on the axis of symmetry, and the
intensity of the discontinuity in {t;on the characteristic dc is given by Eq, (5.2). In
other respects the construction of the optimal contour is carried out here just as for the
configuration shown in Fig,1. For X — X,, — O there occurs a natural transition to
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the case of two nozzles with parallel discharge (Fig, 5a), If 0 < n.<{ 1, then "smooth-
ing" of the streams at the exist of both nozzles apparently takes place such thaty; > 0
and Y, > 0 for X < X, and ¥y, = y, = 0 only for X = X.. In the latter case
(for X = X m) the solution of the associated problem is given by the equations

B =3PV, pg=1u— (1 —n)u; — nu, inalda
(5.9)
1, = y'pvn, p,=n(u —ug) in bgldb

In the case of combination of two nozzles with parallel discharge, given continuous
distributions of pi(for any n) ensure the fulfillment of all the equations and conditions
of the variational problem (including A = B = 0). It is possible to convince oneself
of this by direct substitution of (5, 5) into the indicated equations and conditions,

The authors are grateful to Iu, K, Gudkov for having drawn their attention to the prob-
lem considered here, and to M, Ia, Ivanov for kindly providing programs for calculating
the boost phase and solving the Goursat problem,
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SUPERSONIC SPEEDS

PMM Vol, 35, No,4, 1971, pp.633-637
B. M, BULAKH
(Leningrad)
(Received January 15, 1971)

The problem is considered of unsymmetric steady flow past a circular cone in a
uniform supersonic stream of viscous gas at high Reynolds number R. It was
shown in [1] that in many cases the solution of the problem of inviscid flow past
a cone is such that normal derivatives of the density (and temperature) and of the
velocity components of the gas tangent to the surface become infinite at the sur-
face of the cone, In these cases, it follows from the condition of matching the
solution for inviscid flow past the cone (which is regarded as the first term of an
asymptotic expansion of the solution of the complete problem in powers of € =
= R™": outside the boundary layer) with the solution of the problem in the bound-
ary layer that supplementary terms appear in the latter solution, which may give
a significant correction to the results of the usual boundary-1layer theory, It is
shown (in the case of a laminar boundary layer) that these supplementary terms
are self-similar; and a strict formulation is given of the problem for their deter-
mination,

1, We consider steady flow past a circular cone of semi-vertex angle 3 in a uniform
supersonic stream of viscous gas at angle of attack @. In a system of coordinates in



